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Introduction

» U.S. Naval Observatory wants to launch FAME
= Fast Astrometric Mapping Explorer

= Hipparcos-style survey instrument

= ~100,000 km orbit
= <50 mas at 9th magnitude

» Scanning spacecraft
= Spin-axis stabilized
= Use precession to cover sky
= Need thruster firings to drive precession

= This can play havoc with data reduction

e Need to "tie" together data
» across thruster discontinuities

» from one spin period to the next
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Scan Pattern on Sky

WY

Fig. 8.5. Hipparcos nominal scanning law in ecliptic coordinates - Left: motion of
the satellite axis in one year - Right: part of the sky scanned in 70 consecutive days
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Hipparcos Attitude Corrections
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Introduction (continued)

» CfA group: covariance studies

= gain a factor of ~5 in astrometric accuracy in going
from 6 per rotation to once per rotation

= gain an order of magnitude in extreme case of no
thruster events

» Can we do away with (most) thruster firings?
» Maybe!

= high orbit (~100,000 km)

= solar shield (needed for thermal control)

= use radiation pressure to drive precession and
control precession rate
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Hipparcos
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This Study

» Task: characterize precession of spin axis as

driven by radiation pressure.
= cylindrical spacecraft
= shield: frustum of a cone, albedo Ac
= "flat top", albedo At
» Curiosity: interesting dynamics?

P derive full equations of motion
P numerical program
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1. Equations of Motion

Euler equations
of motion for a

rigid body
Euler angle
} velocities in the
body xyz frame
rigid body
equations of
motion

symmetric top
equations of

motion
l algebra
1st order
system of —— Figersigse
ODEs 9
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Euler Angles

Z Figure 1
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2. Torgue Calculations (Cone & Top)

surface force
components

l coordinate transform

force components
Integral in conical
frame

L orx()

torque integral in
conical frame

l coordinate transform

torque integral in
body xyz frame

|l

force due to
pressure field on
cone surface
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force due to
pressure field on
flat top
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Conical Coordinate Frame

Figure 2
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Force Components on Surface Element
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3. Precession Calculation

1st order egs
of motion for

We, W, W
- d
substitute l ot

2nd order
system

- »

Qg >> Q(p,leand P<<1

2nd order
system
0°Qy 0
l otz ~
A 4
SHM for W, Q, ~ const

| [o-c

wiz(l- IB)QG f(a,b,h,Ac,AT,a):O
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Equations of Motion

» Start with the Euler equations for a rigid body:

((jthX-l-(I y)ngz' K)(:O
((jthy-l_(Ix Z)QXQZ_ Ky:O 4
|zc(ithz+(|y x)Qny' Kz:O

» Write the components of Walong the rotation axes
as projections onto the body xyz frame:

dp . . dy

0, é’t snf sny + 8" cosf

Q,+Q,+Q,=| Q, |= d(tﬂ cosd siny - Tlt”smﬁ
Q, do cosy + do
dt dt

» Substitute into the Euler equations to get

| |
LY cos0+ %2 sing siny +[ 22 (%) cosy + 22 L 2 |siny coso
Ixtly- 1z dp Ix lytlz 9o dy K _
+(E2 L cosy - L) % g - 74=0
d2 | Iy 1 d
-2 sng+ 52 cosO siny +[ =52 () cosy + 2L 2 | siny sing

Ity 17 d e Iy | K
+( g oSy +”“d9] cosd - I—yy:O

d20 | &y Ixly ( dp)? : )
&0+ 2 cosy - 22(%)" cosf sing sirty

z

+(25l gnzg - XWE) W B gy, 4 KB 50 sing - K o

l,
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Euler Angles

Z Figure 1
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Symmetric Top

» We have a "symmetric top", so let I,=1,=I,, and
- |Z

|
p==2
Xy
We find
Oélzt;”cosﬁ+@sm93|mp+[(l pLL- (% )cosz//]sim//cose
+[(1+p) 5 cosy - (1- ﬁ)d’]dtsme T =0

Xy

- L sing+ S cosOsiny - [(1- ALY - p(% ]cosw]sinwsine

+[(@+p) 5 cosy - (1- f)Y |5 cosh - %:O

K.

0 , Fo dp d
a Slm,u (1 ﬁ)lxy

7
w2 T COSY -

=0

» The third equation is conservation of angular
momentum along the symmetry axis:

3[&0 (31?005‘”] (1- Kﬁ)l
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Symmetric Top (cont.)

» Convert to a system of first-order ODEs:

d
¥ -a,
@ _ g,
el
: : K«sing + K, cost
snpLQ, = [(1- Q- L+Poosyn,]Q, + T
d Kxcost - K, 9n6

42 = [BoosyQi- (1- B)QyQ,]sny +

sim//QQg = [(1+p cos?y)Q, - (1- f)cosy Q] Q,
K.siny  Kysinf +K,cosd
+ -

Ly

CoSy/
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Conical Coordinate Frame

Figure 2
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Force Components on Surface Element
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Force Due to Radiation Pressure

» "Conical" coordinates:

X = p Sna Cosy
y = p SnaSny

Z = h+taﬁa-pcosa

» Infinitesimal force components perpendicular to
and tangent to the cone surface:

dF., (1 +A) cosy
dFH (1 - A) S.n Y

=P-.dX-|cosyl -

» A short calculation reveals that

dF, ' (1- Az,
dF, |=P-dX.cosy- (1- A)x,
| dF, (- A)r, - 2Acosy |
where

cosy =- (P- N) = - cosy

P, Py
P T ="Tp

'U|;U

Ty

5
R
l
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Torque Due to Radiation Pressure

» From | 7» . Tx
m, |=R(a,n) Rlp,y,0)| ny
| Tlq i | Tz

we have (third component)

cosy = -m, = -{cosalcosy(cosf cosp- sinf cosy sing)i:
H - siny (sin@ cosg + cosf cosy sm(p)]+sma sSny sing ) mx
cosa[cosn(cosﬁ Sng+snf cosy cosp)ii
- siny (sinf sing - cosf cosy cosp)] - sSina siny cose} ny
- [cosa(cosy snf siny +siny cosd siny) +sina cosy]

X _ R _rz
P 7-[Y=p 7TZ=P

7TX

» \WWe can integrate over the conical surface:

p 2n (o +S (1- AC)TCp

F) :Pfo L cosy (1- Ac)m, .psina dp dy
F. (1- Ac)m, - 2Accosy
» The torgue is then

p 2n f+S (1- AC)np
K, =§0 jf F (1- Ad)m, - COSy - p Sina dp dy
K, (1- Ac)m, - 2Accosy
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Torque Due to Radiation Pressure (cont)

» The radius vector is, in conical coordinates,

p Sina. cosyy | _hcosa - aZ=t +
F=Ra,n)" pSlnaasm;y - 0
| h+t5 -, C0sa | | hdna +acosa
» Perform the first integral to get
Kp 2n ) BZTC”
K, |=P(b- a) jo B.n, +B1Qm, c0sy- 2B:Ac cosy |cosydy
K. Bz(l' Ac)Pn COSy
where

B, = 3o5[U(a+b)cosa- 5(a2 +ab+1?)]

B, = 2 snaQU(a+b)

Q=1- Ac U=hsna+acosa
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Torque Due to Radiation Pressure (cont)

» Transform back to the cartesian body frame:

KX 27 ) an”
K, |=P(b- a) fo R(a,n)| Byr, +B,Qmn,cosy - 2B,Ac cosy |cosydy
KZ Bz(l- Ac) I:),7 COSX

» Perform the integral to get, finally, the total torque
acting on the conical surface:

7x (COS y COSH SN ¢ + SN O COS ¢§)
Ky +ny(sinfsing - cosy coshcosg) - ncoshsiny
Ky | =V]| nx(cosdcosg- cosy Snlsing)
K, + 7y (cosf@sing + cosy Snfcosg) +nzsinfsiny
0
where

V = 7P(b- a)(-nxsnysng +nysny cosd - nz cosy)
[B1(3+Ac) cosa sina - B,(2sin%a - cos?a)]
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Torque Due to Radiation Pressure (cont)

» The contribution to the "top" surface is just a
special case of the cone formulation. Hence, we
find

nx (cosy cosfsing +sin6 cos¢)
Ky +y(sindsing - cosy cosf cosg) - mzcosdsin y
Ky | =W/ nx(cosfcos¢g - cosy sindsing)
K, + v (cosfsin ¢ + cosy sSinf cosg) + mzsinfd siny
0)
where

W= nPa?h(1- Ar)(- zx SNy Sing + 7y Siny CoSg - 7 COSy )
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The Equations of Motion

» Therefore, the equations of motion become

o _
ddt_Q"’
ay _

Y _q

dt
sny3Q, = [(1- HQ - (1+HcosyQ,]Q, +Ki(a,bh,a,Ac, Arp,y)

80, = [Boosy s - (1- HQQ,]siny + Koab,h o, Ac,Ar,p,p)

Sinl,UEC{QQ = [(A+pfcos?y)Q, - (1- pf)cosy Qy] Q, + Ka(a,b,h,a,Ac, Ar, 9, w)

Ki(a,b,h,a,Ac, Ar,0,w) = G(a,b,h,a,Ac, Ar) - di(p, v)
Ko(a,b,h,a,Ac, Ar,p,wv) = G(a,b,h,a,Ac, Ar) - g2(p, v)
Ks(a,b,h,a,Ac, Ar,p,w) = G(a,b,h,a,Ac, Ar) - ds(p, v)

go(p,w) = - mxSing SNy + TySNy COS@ - Tz COSY

9i(p,w) =  Qolg, w) - (nx cosp + mysing)
020, w) = golp, w) - (mx COSy sing - 7y COSy COSY - 7z SINY)

93(p, ) = - 01(p, w) cosy

G(a1 b1 h1 a, AC! AT) - GC(a-1 b1 hla 1AC) + GT(a1 h; AT)
Ge(a,b,h, a,Ac) T—P(b- a)[(l- Ac +2Ac cos’a)(hsina +acosa)
Xy

+ab+b?
sSna

atb
qna

2
- 13+A)cosal

G:(a,h, A) - %’(1- Ar)ah
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Fast Spin Approximation — Precession

» Assume a fast-spinning craft. Then Q,>>Q,,Q,
Differentiate, substitute, and perform a series

expansion on W, W , and P to get

2

Snwwﬂ(ﬂ = -(1- ﬂ)zﬂgggosnw + (1- ﬂ)QH KZ(a1b1h1a1AC1AT1 w; W)
EQW = -(1- ﬂ)zgggl//- (1- ﬂ)QHKl(a, b1 h,a,AC,AT, ®, W)

o — [(1_ ﬂ)nggq)gn'ﬂ' (1- ﬂ)Qng(a,b,h,a,AoAT’w! l//)] Cosy

» From the first or third equations, we have

Ky(a, b,h,a,Ac AT, 0, v)

Q, = ,
v (1- B)Qysiny

» For a flat disk of uniform albedo A, this reduces to

o ~ 4= Azb2h
71 Py Qy
which agrees with your average #10 business
envelope.

Pcosy
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Fast Spin Approximation — Nutation

» From the second equation we have simple
harmonic motion for W, :

Ki(a,b,h,a,Ac,Ar,¢,y)

Q‘// zACOS[(l' ﬂ) Qet] +BS-n[(1‘ ﬂ)Qet] B (1_ ﬂ)QH

» The third term is constant for zx, 7y -0, 7z > 1
This implies a small, monotonic drift in the

Inclination angle y. However, it is actually the first
term in the expansion of a large-period oscillation.

SpinDynamics_DDA98.PRZ 27 DDA meeting, Spring '98



Cone Angle for Precession Nulling

» Precession null:

G(a, b, h,a,Ac,AT) =0

» This Is equivalent to

(b a)(1- Ac+2Accos?a)(hdna +acosa)(a+b):
' - 3(B+A)@+ab+b?)cosa ]+ (1- Ar)a*hsina = 0

Nulling Cone Angle vs. h
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SymTop

oo

Help

=H| 7 8|2 X

I/C | rad pressure | solar wind
ICs geometry albedos
—beta I[xy] —cone angle
0.1 |200 EEREE
—top radius —cone length ~h
|1 E 1

|5ymmetry axis moment of inertia (kg m™2)
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FAME 60-Day Precession

Runtime Plots
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Precession Period vs. (a,Ac)

» Shield angle will need to be adjustable in flight, at
least at beginning of mission.
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